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Review: Classical Mechanics

Lagrangian Formulation: L =T —V
e Described by coordinates and derivatives: zi(t), @i(t)
e Stationary action: 6S = 0 = FKuler-Lagrange equations
oL  d oL

Hamiltonian Formulation: H = p;z; — L

e Generalised coordinates and momenta: xi(t), pi(t) =

e Hamilton’s equations of motion

oH . oH
“op VT T om
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Review: Classical Poisson Bracket

e For any quantities f, ¢ (functions of z;, p;)

af dg B df dg
Oz; Op;  Op; Ox;

{f,9} =
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Review: Classical Poisson Bracket

e For any quantities f, ¢ (functions of z;, p;)

af dg  Of 0g

{f’ g} = Ox; Op; a Op; Ox;

e Using equation of motion:

af of
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Review: Classical Poisson Bracket

e For any quantities f, ¢ (functions of z;, p;)

af dg  Of 0g

{f7 g} = Ox; Op; a Op; Ox;

e Using equation of motion:

af of

e H is generator of time translations

0f = ot{f, H}
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Quantum Mechanics

e Described by complex state vector: |1))
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e Observables represented by operators: ., p, f (Z,p), - .-
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Quantum Mechanics
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Quantum Mechanics

e Described by complex state vector: |1))

~

e Observables represented by operators: z, p, f(,p), ...

~ May not commute: [f.3] = fg—3f # 0
e Result of measurement: one of the eigenvalues f; of f|f;) = f|f;)
e Probability for measurement outcome: P(f;) = |(f[)]?
— Ezxpectation value (average): (f) = (4| f]4)
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Quantum Mechanics

e Described by complex state vector: |1))
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e Observables represented by operators: z, p, f(,p), ...
~ May not commute: [f,3] = fg—af #0
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Probability for measurement outcome: P(f;) = |(f:|)]?
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Quantum Mechanics

e Described by complex state vector: |1))

~

e Observables represented by operators: z, p, f(,p), ...
~ May not commute: [f,3] = fg—af #0

Result of measurement: one of the eigenvalues f; of f \fo) = fil fo)

Probability for measurement outcome: P(f;) = |(f:|)]?

— Eapectation value (average): (f) = <z/)|f]¢>

Immediately following measurement of f;, system |¢)) — |f;)

e System evolves according to Schrodinger equation
A1) = ih )
=1h—|¢
dt
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Schrodinger and Heisenberg
Schrodinger Formulation

e Constant operators:
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Schrodinger and Heisenberg

Schrodinger Formulation

e Constant operators: z, p, f,
e State evolves in time: |(t))
d
H|Y) =ih—
[9) = ih 1)
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Schrodinger Formulation

e Constant operators: z, p, f,
e State evolves in time: |(t))
Al = in S 10)
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Schrodinger and Heisenberg

Schrodinger Formulation

e Constant operators: z, p, f,
e State evolves in time: |(t))
Al = in S 10)
T

Heisenberg Formulation

o Constant state vector: WJ>
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Schrodinger and Heisenberg

Schrodinger Formulation

e Constant operators: z, p, f,
e State evolves in time: |(t))
Al = in S 10)
T

Heisenberg Formulation
e Constant state vector: 1)
e Operators evolve in time:  #(¢), p(t), f(1), ...
df i -
S Y
dt h[
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Schrodinger and Heisenberg

Schrodinger Formulation

e Constant operators: z, p, f,
e State evolves in time: |(t))
Al = in S 10)
T

Heisenberg Formulation
e Constant state vector: 1)

e Operators evolve in time:  #(¢), p(t), f(1), ...

df i ., o  Of
a ﬁ[Ha S+ ot
e Looks more familiar from classical, c.f., % ={f,H} + %
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Aside: Canonical Quantisation

Canonical Quantisation postulate
e “Promote” observables to operators:

A

zi(t), pi(t), fi(t), ... —  i(t), ps(t), fi(t), ...

e Commutation relations related to Poisson Bracket:

A

[f.9] = in{f g}

Classical Quantum
Canonical relations:  {x;,p;} = d0;; (2, Dj] = ih0y;
st X
Time translation: O0f =ot{f, H} of = % [H, f]
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Reconcile the Schrodinger and Heisenberg pictures

e Time translation in Schrodinger picture:

U(t, At) [e(t)) = [ (t + Ab))
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Reconcile the Schrodinger and Heisenberg pictures
e Time translation in Schrodinger picture:
U(t, A) [ (1) = [o(t + At))
e Infinitesimal time step, §t < 1
Uty ~1 + 6tG + ...
e Expanding:

[9(t +01) — [v(#))

N = Gl(@t) e Hy¢>—zh 21)
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Reconcile the Schrodinger and Heisenberg pictures
e Time translation in Schrodinger picture:
U(t, A) [ (1) = [o(t + At))
e Infinitesimal time step, 6t < 1
Uty ~1 + 6tG + ...
e Expanding:
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Time evolution for finite At

Time evolution operator for larger At

e Write as product of N infinitesimal steps:

N times
7\

-~

U(At) = U(6H)U(8t) ... U(6t) = U(6t)N,
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Time evolution for finite At

Time evolution operator for larger At

e Write as product of N infinitesimal steps:

N times
7\

O(AL) = D600 (8t ... U(6t) = UGHY, N = ?:

e Taking ot — 0:

e Choose t; = 0;
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Schrodinger vs Heisenberg picture
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Schrodinger vs Heisenberg picture

e Schrodinger picture: fg, |vg(t))
e Heisenberg picture: |¢y) (= |[15(0))), fH(t),
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Schrodinger vs Heisenberg picture

e Schrodinger picture: fg, |vg(t))

e Heisenberg picture: |¢y) (= [s(0))), fult), ...
e Observables cannot care about representation:
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B. M. Roberts broberts.io/teaching (2023)



Schrodinger vs Heisenberg picture

e Schrédinger picture: fs, |wg(t))

e Heisenberg picture: |¢y) (= |[15(0))), fH(t),

e Observables cannot care about representation:
As(t) = WO fslv(®) = Cul fu(®)|vm)
= ((0)|U" fsU1(0)) = ($u|U" fsUlvom)
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Schrodinger vs Heisenberg picture

e Schrodinger picture: fg, |vg(t))

e Heisenberg picture: |¢y) (= |[15(0))), fH(t),
e Observables cannot care about representation:

Ap(t) = (W) fslv®) = Wulfut) V)
= ((0)|U fsU9(0)) = Wu|UT fsUlibm)

So, we recognise:
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Schrodinger vs Heisenberg picture

e Schrodinger picture: fg, |vg(t))

e Heisenberg picture: |¢y) (= |[15(0))), fH(t),
e Observables cannot care about representation:

As(t) = WO fslv(®) = Cul fu(®)|vm)
= ((0)|U" fsU1(0)) = ($u|U" fsUlvom)
So, we recognise:
fut) =00 fsU@),  (U=e
Finally: taking derivative recovers Heisenberg’s equations

dA P R I A A
% = %[H,UTfsU] = 2 [H, fn]

B. M. Roberts broberts.io/teaching (2023)

St



