
Quantum Mechanics

Quantum Mechanics:
Description of quantum systems and dynamics
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Review: Classical Mechanics

Lagrangian Formulation: L = T − V

• Described by coordinates and derivatives: xi(t), ẋi(t)

• Stationary action: δS = 0 =⇒ Euler-Lagrange equations

∂L

∂xi
=

d

dt

∂L

∂ẋi

Hamiltonian Formulation: H = piẋi − L

• Generalised coordinates and momenta: xi(t), pi(t) ≡ ∂L
∂ẋi

• Hamilton’s equations of motion

ẋi =
∂H

∂pi
, ṗi = −∂H

∂xi
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Review: Classical Poisson Bracket

• For any quantities f, g (functions of xi, pi)

{f, g} ≡ ∂f

∂xi

∂g

∂pi
− ∂f

∂pi

∂g

∂xi

• Using equation of motion:

df

dt
= {f,H}+ ∂f

∂t

• H is generator of time translations

δf = δt{f,H}
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Quantum Mechanics

• Described by complex state vector: |ψ⟩

• Observables represented by operators: x̂, p̂, f̂(x̂, p̂), . . .

– May not commute: [f̂ , ĝ] = f̂ ĝ − ĝf̂ ̸= 0

• Result of measurement: one of the eigenvalues fi of f̂ |fi⟩ = fi|fi⟩

• Probability for measurement outcome: P (fi) = |⟨fi|ψ⟩|2

– Expectation value (average): ⟨f⟩ = ⟨ψ|f̂ |ψ⟩

• Immediately following measurement of fi, system |ψ⟩ → |fi⟩

• System evolves according to Schrödinger equation

Ĥ|ψ⟩ = iℏ
d

dt
|ψ⟩
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Schrödinger and Heisenberg

Schrödinger Formulation

• Constant operators: x̂, p̂, f̂ , . . .

• State evolves in time: |ψ(t)⟩

Ĥ|ψ⟩ = iℏ
d

dt
|ψ⟩

Heisenberg Formulation

• Constant state vector: |ψ⟩
• Operators evolve in time: x̂(t), p̂(t), f̂(t), . . .

df̂

dt
=
i

ℏ
[Ĥ, f̂ ] +

∂f̂

∂t

• Looks more familiar from classical, c.f., df
dt

= {f,H}+ ∂f
∂t
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Aside: Canonical Quantisation

Canonical Quantisation postulate
• “Promote” observables to operators:

xi(t), pi(t), fi(t), . . . → x̂i(t), p̂i(t), f̂i(t), . . .

• Commutation relations related to Poisson Bracket:

[f̂ , ĝ] = iℏ {f, g}

Classical Quantum

Canonical relations: {xi, pj} = δij [x̂i, p̂j] = iℏ δij

Time translation: δf = δt {f,H} δf̂ =
iδt

ℏ
[H, f̂ ]
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Reconcile the Schrödinger and Heisenberg pictures

• Time translation in Schrödinger picture:

Û(t,∆t) |ψ(t)⟩ = |ψ(t+∆t)⟩

• Infinitesimal time step, δt≪ 1

Û(δt) ≈ 1 + δt Ĝ + . . .

• Expanding:

|ψ(t+ δt)⟩ − |ψ(t)⟩
δt

= Ĝ|ψ(t)⟩ c.f. Ĥ|ψ⟩ = iℏ
d

dt
|ψ⟩

=⇒ Ĝ =
−i
ℏ
Ĥ
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Time evolution for finite ∆t

Time evolution operator for larger ∆t
• Write as product of N infinitesimal steps:

Û(∆t) =

N times︷ ︸︸ ︷
Û(δt)Û(δt) . . . Û(δt) = U(δt)N , N =

∆t

δt

• Taking δt→ 0:

Û(∆t) = lim
N→∞

(
1− iδt

ℏ
Ĥ

)N

= e−i∆t Ĥ/ℏ

• Choose ti = 0;
|ψ(t)⟩ = Û(t) |ψ(0)⟩
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Schrödinger vs Heisenberg picture

• Schrödinger picture: f̂S, |ψS(t)⟩
• Heisenberg picture: |ψH⟩ (≡ |ψS(0)⟩), f̂H(t), . . .

• Observables cannot care about representation:

Af (t) = ⟨ψ(t)|f̂S |ψ(t)⟩ = ⟨ψH |f̂H(t)|ψH⟩

= ⟨ψ(0)|Û †f̂SÛ |ψ(0)⟩ = ⟨ψH |Û †f̂SÛ |ψH⟩

So, we recognise:

f̂H(t) = Û †(t) f̂S Û(t), (U = e−iĤt/ℏ)

Finally: taking derivative recovers Heisenberg’s equations

df̂H
dt

=
i

ℏ
[Ĥ, U †f̂SU ] =

i

ℏ
[Ĥ, f̂H ]
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